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The article examines the conceptual role of the shadow and gray economies in economic growth and
substantiates the need to take them into account in multifactor models of economic development. The general
division of the economy into white (official), gray and shadow economies, their characteristics and peculiarities
of influence on macroeconomic indicators are considered. The official economy operates within the framework of
the law, provides tax revenues, promotes employment growth and investment attractiveness. The gray economy,
although notillegal, partially escapes state control, which leads to tax evasion and distortion of economic processes.
The shadow economy encompasses illegal activities that may contribute to the short-term survival of a business, but
in the long run undermine economic stability. It is proposed to include indicators of the shadow and gray economies
in multivariate economic growth models to increase the degree of adaptability of the models and to make more
accurate forecasts. In economic growth models, the gray economy is taken into account by adjusting the savings
parameters, while the shadow economy requires the introduction of a separate capital intensity equation based on
its own production function. To correctly reflect its impact, expressions describing shadow savings and investment
are added to the equation of aggregate savings.

Keywords: economic growth, models of economic growth, white (official) economy, grey (semi-legal) economy,
shadow economy.

Y cTartTi OCNigpKYTbCA KOHLENTYasIbHi Ta MPakTUYHI HACNiAKV BKIHOYEHHS TiHbOBOT Ta Cipoi EKOHOMIKM B MOZESi
€KOHOMIYHOrO 3pOCTaHHs. BUCBITIEHO 0OMEXeHHs TpaauLiiHnX Mofeneil EKOHOMIYHOMO 3POCTaHHS, SiKi BpaxoBy-
t0Tb e oqoiliiHy (6isTy) EKOHOMIKY, L0 (OYHKLOHYE SierasibHO, 3abe3nedye 36ip NogaTkoBUX HaAXOMKEHb, NigTpU-
MY€ 3aiiHATICTb Ta NiABWLLYE IHBECTULHY NPMBaGAMBICTb. Y POOOTI PO3PI3HAOTL GINWiA, CIpUiA | TIHLOBWIA CEKTOPU:
cipa eKoHOMIKa BK/104a€e 4aCTKOBO HeperynboBaHy, asie He 000B'A3KOBO HE3aKOHHY [isiNbHICTb, sIka NPU3BOANUTb A0
dhickanbHNX BTPAT i BUKPUB/IEHb B EKOHOMIYHMX BUMIpax, TOAI SK TiHbOBa €KOHOMiKa BK/IHOUAE MOBHICTHO HE3aKOHHI
onepawvii, AKi MOXYTb 3anpornoHyBaTh TMMYacoBe (DiHaHCOBE MOJIETLLIEHHS, asie B KIHLEeBOMY MiACYMKY NiApuBaroTb
[LOBFOCTPOKOBY EKOHOMIYHY CTabiNbHICTb Ta IHCTUTYLHY AO0BIPY. Y AOCNIMKEHHI CTBEPAKYETHCS, LLO BUK/HOUYEHHS
LMX HehopMasibHUX CETMEHTIB NMPU3BOAUTL [0 3HAYHUX MPOTa/INH Y PO3POO6LL MOMITUKA Ta EKOHOMIYHOMY MPOrHO-
3yBaHHI. Y AOCNIgKEHHI MPONOHYETLCS IHTErPOBaHWIA MiAXif 40 MOAENOBAHHS, B AKOMY e(DeKTU TiHbOBOI EKOHOMIKM
BPaxOBYHOTbCS LLUMSXOM KOPUTyBaHHS MapaMeTpiB 3aollaipkeHb, WO BigobpaxatoTb HedhopMasibHy MOBEiHKY [10-
MOrocnogapcTts Ta 6i3Hecy. 15 TiHbOBOI EKOHOMIKM BBEAEHO OKPEeME PIBHSHHS KaniTasloMICTKOCTI, L0 BUBOAUTLCS
3 YHiKa/1bHOT BUPOOHMYOI (DYHKL,T, ika BpaxoBye cneumngiuHy AvHaMiky HenerasibHOro BUKOPUCTaHHS Kanitany Ta
npaui. LLo6 kpalle BigobpasnTi BN/IMB LMX CEKTOPIB, MOAE/b BK/1HOUAE TiHbOBI 3a0LLaKEHHS Ta iIHBECTULIiHI KOM-
MOHEHTU B PIBHSAHHSA CYKYMHMX 3a0Lla/pkeHb. Takuid nigxig nigsuLLye NOACHIOBasIbHY Ta NPOrHOCTUYHY CUTY MOAe-
el EKOHOMIYHOTO 3POCTaHHs, 0CO6/IMBO B KpaiHax 3 MEePEXiAHOK eKOHOMIKOK Ta eKOHOMIKamu, L0 PO3BMBAOTLCS,
[e HeoQiLiHI CEKTOPWU CTAaHOBNATb 3HAYHY YacTKy 3arasibHOI EKOHOMIYHOT aKTUBHOCTI. BpaxyBaHHS LMX acnekTiB
[103BO/ISIE PO3P06IATM BiNlbLL THYYKI Ta TOYHI €KOHOMIYHI Mogeni, SKi Kpalle BifobpaxatoTb peasibHy CTPYKTypy Ta
LMHAaMIKy eKOHOMIKM. AKTYaslbHICTb TEMW 3yMOB/IeHa 3pOoCcTaHHAM MacluTabiB HedhopMasibHOI EKOHOMIYHOI Aisi/b-
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HOCTI B YCbOMY CBITI, LLIO CYTTEBO BMN/IMBAE HA MAKPOEKOHOMIUHI NMOKA3HWKM, CNOTBOPKE CTATUCTUYHI AaHi Ta ycKnaj-
HIOE PO3POOKY eCHEKTUBHMX EKOHOMIYHMX MOAENEN, AKi afeKBATHO Bif0OpaXaroTh peasibHi eKOHOMIYHI NpoLecH.
KnouoBi cnoBa: eKkOHOMIYHE 3pOCTaHHSA, MOAeNi EKOHOMIYHOrO 3pocTaHHs, Gina (odiuiliHa) ekoHOMIKa, cipa

(HaniBneranbHa) eKOHOMIKa, TiHbOBa EKOHOMIKaA.

Statement of the problem. At the present
stage, economic growth modelling is becoming
extremely relevant, as in the face of profound
transformational changes in the global economy
and growing instability, it is important to have
effective and accurate tools for forecasting
and analyzing economic processes. Increasing
globalization, rapid technological change and
other factors make economic development
management more complex. Existing economic
growth models based on the concept of a closed
economy are becoming less and less effective.
Given the shortcomings of the models, the
development of new models and modification of
old ones are becoming a prerequisite to better
reflect current trends and provide more accurate
forecasting of economic development.

Analysis of recent research and
publications. There are a large number of
economic growth models and their modifications
in open sources. For the study [1], the main
13 that most often appear in the scientific
literature were selected.

The strengths of the models include the
integration of additional factors such as human
capital, public capital, and land alongside the
core components of labor and physical capital;
the decomposition of the economy into distinct
subsystems (e.g., core production and innovation
sectors); the incorporation of international trade
in capital dynamics; the time-dependency of
indicators and factor inputs; and the modularity
of the models, allowing for flexible adaptation [1].

However, several limitations remain. Many
models assume a closed economy, which is
incompatible with the realities of globalization
and international economic interdependence.
The predominance of  one-dimensional
models limits explanatory power compared to
multidimensional approaches. Key aspects
such as foreign direct investment, international
aid flows, and the cyclical nature of economic
activity are often omitted. Critically, the shadow
economy — despite its considerable impact on
national income, tax revenues, and investment
flows —is largely ignored. This omission reduces
the models' realism and practical applicability.
Furthermore, the simplistic treatment of taxation
and the absence of mathematical mechanisms
to reflect its influence on public capital, as well

as the neglect of market typology in supply
and demand formation, weaken predictive
capacity [1].

In light of these strengths and limitations, it
is evident that traditional models have restricted
practical utility due to substantial error margins
and overly simplified assumptions. Addressing
these issues through the incorporation of
shadow economic dynamics and the removal of
unrealistic premises will enhance the robustness
of growth models. A more comprehensive,
mathematically valid modelling framework tested
in real-world conditions is essential for producing
reliable and relevant forecasts.

Highlighting previously unresolved parts
of the overall problem. The shadow and gray
economies are integral components of the
economic system of most countries, regardless of
their level of development. They include activities
that fall outside the scope of official accounting,
such as informal employment, tax evasion, and
the illegal production and circulation of goods and
services. Although the shadow economy is often
perceived as a destructive factor that reduces
tax revenues and distorts market mechanisms,
it can also have a positive impact, especially in
conditions of instability or ineffective government
regulation.

The role of the shadow sector in economic
growth is controversial and multifaceted. On the
one hand, the shadow economy compensates
for institutional shortcomings and promotes self-
employment, increasing overall employment
and income levels. On the other hand, its spread
can slow down structural reforms, reduce the
country's investment attractiveness, and create
long-term macroeconomic risks. Taking this
factor into account in multifactor models of
economic growth allows for a better assessment
of the real drivers of economic development and
forecasting its dynamics.

Formation of the objectives of the article.
This article aims to analyze the role of the shadow
and gray economy in the processes of economic
growth, to determine the theoretical foundations
of its impact and to justify the need to take this
phenomenon into account in multifactor models
of economic dynamics and, as a result, to form
a theoretical approach to a comprehensive
assessment of the economic growth of a system
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that combines sectors of different levels of
legality.

Summary of the main research material.
The economy of any country is divided into three
main segments: white (official), gray and shadow.
This division reflects the level of compliance with
legal norms, the degree of government control
and the official accounting of economic activity.
The white economy covers all legal processes
regulated by law and subject to taxation. The gray
economy includes activities that do not formally
contravene the law, but partially or completely
avoid state control, such as concealing income
or paying wages in envelopes. The shadow
economy, in turn, includes illegal activities such
as smuggling, tax evasion, corruption schemes,
and other violations of the law. Let's take a closer
look at each type in more detalil.

The white economy encompasses all
legal economic activities that are carried out in
accordance with applicable law and are subject
to state regulation and accounting. It includes
the production of goods and services that is
recorded in official statistics, taxed, and ensures
compliance with labor, environmental, and social
laws. The functioning of the white economy is
based on transparent market mechanisms that
promote stable economic growth, job creation,
investment attraction and entrepreneurship.
In addition, the official economy is the main
source of the state budget through the system of
taxes and fees, which, in turn, allows financing
social programs, infrastructure projects and
other government initiatives.

The main features of the white economy
are legal regulation, transparency, official
accounting and taxation. Legal regulation means
that all economic transactions are carried out
in accordance with the established legal acts.
Transparency implies open access to information
about business entities, financial performance
and business conditions. Official accounting
is expressed in accounting and tax reporting,
which allows the state and financial institutions
to control economic activity. Another important
aspect is taxation, which provides financial
revenues to the budget and contributes to the
implementation of the state social and economic
policy. The combination of these features ensures
the stability of the economic system, builds trust
between market participants, and facilitates the
country's integration into the global economy.

We will estimate the white economy using the
model described in [1-3]. In the model, the main
factors of production are private capital K, ,
public capital K human capital (knowledge)

gov !

H, labor L and the variable factor R . Variable
factor R in a single-sector production model is
responsible for the land factor N. A modified
Cobb-Douglas function of the form:
Y, = AK,“K . PHIN L e, (1)
where a—isthe coefficient of elasticity of private
capital, 3 — public capital elasticity coefficient, y —
human capital elasticity coefficient, ¢ — elasticity
of the variable factor, in this case, land [2; 3].

In the multisectoral model, the factor R
depends on the sector. For the primary sector
Yag, land is a factor, similar to the single-sector
model. For the secondary sector Y, factoris the
output of the primary sector Y, . For the tertiary
sector Y, factor is the output of the secondary
sector Y, .

For a multisectoral model, the production
function takes the form:

Yp — AlKagralKgovﬁlHagryl N (PlLagr 1-al1-B1-yl-¢1 +
AZKindmzkgouﬁzl-lindy2 yagr (pZLind 1-az-f2-yz-¢2 + (2)

a3 £3 y3 @3 1-a3-B3-y3—¢3
A3Kserv Kgov Hserv”™ Yina ™ Lserv >

wherein Yy =Yy t Yig + Yeen»  Similarly
Kpr = Kagr + Kind + Kserv and H = Hagr + Hind + Hserv’
L= Lagr + Lind + Lserv .

In the proposed model, capital is divided into
private and public capital, which allows for a more
accurate accounting of their functions and role in
the process of economic growth. Investments are
made through aggregate savings, which reflect
the ability of the economy to effectively allocate
resources for development. The dynamics of
capital is characterized by three key indicators:
the capital intensity of the private sector, which
determines the volume of private investment;
the capital intensity of the public sector, which
reflects investments in public infrastructure and
public goods; and aggregate savings per unit of
labor, which is the main source of investment in
the economy. This approach allows for a more
detailed analysis of the relationship between
private and public investment, as well as an
assessment of their combined impact on labor
efficiency and long-term economic growth [2; 3].

The innovation sector generates new
knowledge by the production function:
AH =BK ‘L™, ©)

where K,, — capital raised in the innovation
sector, L, — labor involved in the innovation
sector, v — capital elasticity in the innovation
sector. Total capital in the economy K,, can
be found by the formula: K, =K, +K, +K
similar to labor: L, =L, +L.

gov’?
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Full single-sector multivariate model in

general form [2; 3]:
Ky =i, +i,—(d, +n)k

pr pr?

kgOV" =g- (dgov + n)kgov + X, (4)
m' = sAkpr“kgOVBhyan’ - (g +Nm+ i, + iout)’
h' = Bk, —nh,

where k, — capital intensity of the private
sector, d, — amortization rate of private capital,
n — average growth rate of the employed labor
force, i,, —domestic investment per unit of labor,
I, — foreign investment per unit of labor, k,,, —
capital intensity of the public sector, g — taxes
per unit of labor, d,, — depreciation ratio for
public capital, tx — net government international
transfers, m — total savings per unit of labor, s —
savings rate, n, — land factor per unit of labor,
i, —external investment per unit of labor.

For a multisectoral modification, the formula
for the derivative of total savings per unit of labor
is as follows:

L
" agr al Bl vl ol
m = Al L kagr kgov hagr nN +

L
ind a2 B2 v2 02
+A2 L kind k gov hind y arg +

L

serv
+A3 L serv

_(g+nm+iin+iout)- (5)

a3 p3 v3 03 _
kgov hserv y ind

The gray economy is a part of economic
activity that does not directly violate the law,
but escapes state control, accounting or
taxation. It includes such phenomena as paying
wages in envelopes, unofficial employment,
underreporting of company income to minimize
the tax burden, unofficial rental of real estate,
or concealment of part of the revenue in small
businesses. Such practices are common in the
retail, construction, and service sectors, as well
as among small businesses, where the costs
of official activities may exceed the business's
capacity.

The main features of the gray economy
include incomplete or selective accounting
of business transactions, partial tax and fee
evasion, the use of informal employment, and
insufficient transparency of financial flows.
Activities in this sector are often carried out
without official registration of labor relations,
which allows employers to reduce the cost of
social contributions. Atthe same time, employees
may receive higher net income, but are deprived
of social guarantees such as pensions or paid
sick leave.

The conceptual difference between a gray
and a white economy lies in the degree of legal
compliance and the level of government control.
In the white economy, all transactions are
officially registered, taxed and comply with legal
regulations, which ensures a stable economic
environment. The gray economy, while remaining
within the legal framework, exploits loopholes to
minimize tax and regulatory costs. This creates
an unequal playing field for businesses, with
some companies operating officially and others
underreporting their liabilities, which can lead to
a distorted competitive environment and a loss
of significant tax revenues for the state.

The gray economy has a twofold impact on
economic growth, depending on its scale. A low
level of the gray economy generally contributes
to stable economic development, as businesses
operate withinthe legal framework, which ensures
market transparency, increases tax revenues,
and improves investment attractiveness. At the
same time, a high level of the gray economy
can slow down economic growth, as it leads to
lower tax revenues, increased social risks, and
discrediting of official economic activity. The
level of the gray economy depends on many
factors, such as the effectiveness of government
regulation, the level of tax burden, institutional
weakness, corruption, and inefficiency of
government institutions. High tax burden and
complexity of business registration procedures
may encourage entrepreneurs to avoid official
registration, while low tax rates and ease of
doing business contribute to the reduction of this
sector.

Gray economy profits can increase private
sector investment, but since they are not taxed,
they do not increase public sector investment,
which limits the government's ability to finance
infrastructure projects, social programs, and
other important initiatives for society. Thus, a
high level of the gray economy can cause an
imbalance between private investment and the
need to finance public spending. This reduces
the effectiveness of public policies aimed at
developing social infrastructure, education,
healthcare, and other areas important for
sustainable economic development and the well-
being of citizens. The lack of adequate public
sector funding can also lead to a decline in the
quality of public services, which in turn negatively
affects the country's economic potential in the
long run [4-8].

Since the gray economy operates on the fixed
assets of the official economy, it is proposed to
introduce the following equation into the model:
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m, =S,Ak, k., h'n,”, (6)
where m, - Savings derived from the
gray sector of the economy, s, — The rate of
accumulation of the gray sector of the economy
(part of the total rate of accumulation: s, =s_ +s
). This means that a part of the capital that could
be directed to the official sector through the
mechanisms of taxation and state redistribution
is accumulated outside the regulated economic
system. At the same time, the production
function in the gray sector remains similar to the
official sector, which indicates that productive
characteristics are preserved, but at the same
time, the absence of tax deductions from this
amount limits the possibilities of public financing.
Given expression (6), we can modify the
aggregate savings equation as follows:
m’ =SAk, "k, h'n® (g +nm+i, +i,.)+m, (7)
or:
m' =(s+5,) Ak, Ky, "0 = (g +nm+i, +i,,). (8)
In general terms:
Ky =i +i,—(d, +n)k

o
Koo' =9 —(goy +1)Kgo, +1X, ©
m = (s + sg)Akp,“kgWBhynN"’ —(g+nm+i, +iy,),
h" =Bkl - nh.

The shadow economy is a segment of
economic activity that operates outside the scope
of government regulation and control, including
both tax evasion and mandatory reporting and
completely illegal activities. It covers a wide range
of phenomena, including illegal employment,
smuggling, corruption, illegal production and sale
of goods and services, financial fraud, money
laundering, and other economic transactions
that are not officially recorded. For example,
unlicensed trade, production of counterfeit
goods, or illegal gambling businesses are classic
manifestations of the shadow economy.

The main features of the shadow economy
are the complete or partial absence of official
registration of economic activity, tax evasion,
the use of illegal labor, and a high level of
anonymity and opacity of financial transactions.
Activities in this sector tend to escape state
supervision, which allows businesses to reduce
costs but also undermines the principles of fair
competition and economic security. In addition,
many shadow operations are accompanied
by criminal elements, which creates additional
threats to the stability of the financial system and
the rule of law.

The conceptual difference between the
shadow economy and the white and gray

economies is its illegal status. Whereas the
gray economy involves semi-legal practices
that only partially fall outside the scope of state
regulation, and the white economy fully complies
with legal norms, the shadow sector operates
in complete or overwhelming contradiction to
the law. This means that the shadow economy
not only deprives the state of tax revenues,
but also creates significant macroeconomic
and social risks, such as increased corruption,
crime financing, and undermining trust in state
institutions.

The shadow economy has a mixed impact
on economic growth. A moderate level of
the shadow sector contributes to financial
stability, good governance, and an attractive
investment environment, while its excessive
spread undermines the foundations of economic
development. With a small share of the shadow
economy, businesses operate within the law,
which ensures stable tax revenues, transparency
of financial flows, and fair competition. At the
same time, excessive growth of the shadow
sector leads to a loss of control over financial
resources, increased corruption, capital outflows,
and a decrease in investment attractiveness.
The level of the shadow economy is determined
by a combination of factors, such as the tax and
administrative burden, the effectiveness of law
enforcement agencies, the level of corruption,
trust in government institutions, and the overall
level of economic development. In countries
with high taxes, complex bureaucracy and weak
governance, the shadow economy tends to grow
as businesses and individuals seek to avoid
excessive regulatory restrictions [4-8].

Let's assume that the shadow economy
operates separately from other types and follows
a similar production function:
ysh — CKshas KgovﬁsHszqnsLl*as*ﬁsfvs*cPs , (10)

where Y, — output of the shadow economy,
K,, — capital of the shadow economy, C —
coefficientoftechnological progress, o, B, v, 95—
parameters of the production function, elasticity
coefficients of shadow capital, public capital,
human capital, and land, respectively. Since the
shadow economy operates in the same system
as the official one, the factors of public capital,
human capital, labor, and land as a resource
will be similar to those for the white sector.
For example, shadow sector counterparties
use the same infrastructure as official sector
counterparties.

Thus, the institutional, legal, and economic
conditions that determine the productivity of
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the formal economy also affect the informal
economy. For example, the level of education
and skills of workers determines productivity
not only in the formal sector, but also in the
informal sector. Similarly, the quality of
transportation, financial, and communication
infrastructure contributes to the efficiency of
both legal and illegal businesses. Moreover,
the shadow sector can adapt to the constraints
and incentives imposed by the state on the
formal economy. For example, a high tax
burden or overregulation of business activities
can encourage the flow of resources to the
informal sector. At the same time, a well-
developed legal system and effective control
can reduce the size of the shadow economy or
force it to operate under conditions of increased
transaction costs.

The dynamics of the shadow sector will be
displayed similarly:

kg, =g, —(dg, +n)kg,, (11)

where i, —investments in the shadow sector,
d,, — depreciation ratio of shadow capital.

Taking into account the additional equation to
the model, we get:

kpr' =i + i — (dpr + n)kpy,
kgov' = 9 — (dgov + n)kgo + tx,
ko' = ign — (dgp + Wksp,

m* = (s + 55) Akpr “kgon” Ky ® + 55, Chisp“ K gop" hYsmy ?s —
| —(g +nm + iy + ioue + isn),
{ h* = Bl,g"l — nh.

(12)

where s, — rate of accumulation for the
shadow sector.

The accumulation of capital in the shadow
sector directly affects the formation of aggregate
savings in the economy, since, despite the
unofficial nature of shadow transactions, they
remain part of economic circulation. Shadow
financial flows can accumulate significant
amounts of resources, which are subsequently
integrated into the overall system of national
savings and investment process.

In the structure of the economy's aggregate
savings, financial resources are further
divided into three main areas: official domestic
investment, which is directed to the development
of legal businesses and government projects;
domestic shadow investment, which is used
for illegal or semi-legal economic activities; and
official foreign investment, which is realized
through investments in foreign assets or
international financial markets.

Conclusions. The shadow and gray
economies are important factors that affect
economic growth, buttheir effects onthe economy
differ. The gray economy encompasses semi-
legal practices that do not directly contradict the
law but partially avoid state control and taxation.
It can stimulate private sector development, but it
also reduces tax revenues and creates unequal
conditions for business. The shadow economy,
unlike the gray economy, includes completely
illegal activities that not only deprive the state of
financial resources, but also promote corruption,
criminalize economic processes and undermine
trust in state institutions.

The level of gray and shadow economy has
a significant impact on economic development.
Amoderate level of the gray economy can partially
compensate for the shortcomings of government
regulation, but its excessive development
weakens public finances and social policy. At the
same time, a high level of the shadow economy
is a critical threat to sustainable development, as
it leads to a loss of control over financial flows
and the spread of illegal practices. The factors
that determine the extent of these phenomena
include tax policy, the level of bureaucracy, the
quality of public administration, and the degree
of corruption.

In mathematical models of economic growth,
the gray economy can be integrated as an
additional parameter in the savings function,
as it retains the main characteristics of the
formal sector, except for the full tax burden and
government regulation. This allows its impact to
be taken into account in the overall savings rate
by adjusting the savings parameters accordingly.

The shadow economy, on the other hand,
is characterized by a more complex structural
logic, as it operates separately from the official
sector and often has illegal sources of financing.
To account for it correctly in economic growth
models, it is necessary to introduce a separate
equation describing shadow capital intensity,
which is based on an independent production
process. In addition, the equation of aggregate
savings should include additional expressions
reflecting shadow savings and investments that
operate outside the official economic circulation.
This approach allows us to adequately model the
impact of the shadow sector on macroeconomic
dynamics and assess its consequences for
overall economic development.
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